Difference-isomorphic graph families

Zhihan Jin
ETH Ziirich

Joint work with Lior Gishboliner and Benny Sudakov

November 16, 2023

Zhihan Jin (ETH Ziirich) Difference-Isomorphic Graph Families November 16, 2023

1/17



Set families with certain properties

Theorem (Sperner 1928)

If A is a family of distinct subsets of [n] s.t. no set is contained in
the other, then |A| < (LT:}?J)'
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Set families with certain properties

Theorem (Sperner 1928)

If A is a family of distinct subsets of [n] s.t. no set is contained in
the other, then |A| < (Ln7/l2J)'

» The extremal example: {S C [n] : |S| = [n/2]}.

Theorem (Erdés-Ko-Rado 1938)

Let n > 2r. If A is a family of distinct r-element subsets of [n] s.t.

each two subsets intersect, then |A| < (Z:i)

» The extremal example: {S C [n]:1€ S,|S|=r}.

> If |A| = (Zj), then A is “close” to the extremal example.
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Graph families with intersection properties

Conjecture (Simonovits-Sés 1976)

If G is a family of graphs on [n] s.t. any two graphs in G share a
common triangle (), then |G| < 2(3)-3,
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Graph families with intersection properties

Conjecture (Simonovits-Sés 1976)

If G is a family of graphs on [n] s.t. any two graphs in G share a
common triangle (), then |G| < 2(3)-3,

» The extremal example: all G containing a fixed triangle.
» Confirmed by Ellis, Filmus and Friedgut in 2012.
» Berger and Zhao extended to Kjy.

Conjecture (Ellis-Filmus-Friedgut 2012)
If G is a family of graphs on [n] s.t. any two graphs in G share a
common Ky, then |G| < 2(3)-(3).

> A= Cp,
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Graph families with intersection properties

Conjecture (Simonovits-Sés 1976)

If G is a family of graphs on [n] s.t. any two graphs in G share a
common triangle (), then |G| < 2(3)-3,

» The extremal example: all G containing a fixed triangle.
» Confirmed by Ellis, Filmus and Friedgut in 2012.
» Berger and Zhao extended to Kjy.

Conjecture (Ellis-Filmus-Friedgut 2012)
If G is a family of graphs on [n] s.t. any two graphs in G share a
common Ky, then |G| < 2(3)-(3).

> A= 0, |G| < 2(3)-n by Leader, Randelovi¢ and Tan.
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Families with difference properties

Conjecture (Gowers, 2009)

Vo > 0Vn>s 1, if A is a family of n X n matrices with entries in
{1,...,k} with |A| > - k", then 341, ..., Ay € A, X C [n] s.t.
Ai+1 — Al = 1X><X f07’ all 7.
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Families with difference properties

Conjecture (Gowers, 2009)

Vo > 0Vn>s 1, if A is a family of n X n matrices with entries in
{1,... kY with |A| > & - k™, then 3A1,..., Ay € A, X C [n] s.t.
Ai+1 — Ai = 1X><X f07’ all 7.

» A special case of the polynomial density Hales-Jewett
theorem/conjecture.

» When £ =2 and all A € A are symmetric,

Conjecture (Gowers, 2009)

Vo > 0Vn>>s1, if G is a family of graphs with |G| > 52(;), then
3G, Gy € G s.t. Gy C Gy and Go\ Gy is a clique.
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Graph families with symmetric difference properties

Notation: G1 & G2 := ([n], (E(G1) \ E(G2)) U (E(Ge) \ E(G1))).
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Graph families with symmetric difference properties

Notation: Gy @ Gy := ([n], (E(G1) \ E(G2)) U (E(G2) \ E(G1))).
» Let H be a family of graphs on [n].
» How large can |G| be if G; @ Go ¢ H for all Gy, G2 € G7
» Also called “graph-codes”.

» Some known cases:

» H := all disconnected graphs by AGKMS 2023;

» 7 := all non-Hamiltonian graphs by AGKMS 2023,;
» 7 := all stars of fixed size by Alon 2023+;

» H := all matchings of fixed size by Alon 2023+;.

Question(Alon 2023+)

When H contains all the Ky’s, does |G| = 0(2(;))?
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Difference-isomorphic graph families

A family of graphs G on [n] is called difference-isomorphic if
Gl \ GQ = G2 \ Gl for all Gl, G2 eqg.
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Difference-isomorphic graph families

Definition

A family of graphs G on [n] is called difference-isomorphic if
G1 \ GQ = G2 \ G1 for all Gl, G2 eqg.

Question(Alon-Gujgiczer-Koérner-Milojevié-Simonyi 2023)

How large can |G| be?

» Take G to be the set of all the perfect matchings.

> G\ Gy and G2\ G; are matchings of the same size.
» Graphs (perfect matchings) in G are isomorphic.
> G| = (n—1)I!=n®M,
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Difference-isomorphic graph families

Definition

A family of graphs G on [n] is called difference-isomorphic if
Gl\GQ GQ\ G, for all Gl,GQ eqg.

Question(Alon-Gujgiczer-Koérner-Milojevié-Simonyi 2023)

How large can |G| be?

» Take G to be the set of all the perfect matchings.

> G\ Gy and G2\ G; are matchings of the same size.
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Difference-isomorphic graph families

Definition

A family of graphs G on [n] is called difference-isomorphic if
Gl\GQ GQ\ G, for all Gl,GQ eqg.

Question(Alon-Gujgiczer-Koérner-Milojevié-Simonyi 2023)

How large can |G| be?

» Take G to be the set of all the perfect matchings.
> G\ Gy and G2\ G; are matchings of the same size.
» Graphs (perfect matchings) in G are isomorphic.
> |Gl=(n—-1D= n@(n)
» Does G1\ G2 = Ga \ Gy enforce graphs in G to look alike?

> If so, maybe |G| < n°™ as there are n! isomorphisms.
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» Assume n = 2k and the vertices are uq,..., ug, vi,..., V.



A better example

» Assume n = 2k and the vertices are ug, ..., ug, v1, ..., Uk

» Let ¢ € S, such that ¥(u;) = vy, ¥ (v;) = ;.
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A better example

» Assume n = 2k and the vertices are ug, ..., ug, v1, ..., Uk
» Let ¢ € S, such that ¥(u;) = vy, ¥ (v;) = ;.

» Edges are paired by (u;uj, v;v;) and (u;vj, viu;).

» G := all graphs G containing one edge in each pair.

>

Fix a single pair (e, f): ¥(e) = f,¥(f) = e.
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A better example

» Assume n = 2k and the vertices are ug, ..., ug, v1, ..., Uk
» Let ¢ € S, such that ¥(u;) = vy, ¥ (v;) = ;.
» Edges are paired by (u;uj, v;v;) and (u;vj, viu;).
» G := all graphs G containing one edge in each pair.
» Fix a single pair (e, f): ¥(e) = f,9(f) = e.
> (G )\ Gz)]&f = (G \ Gl)]&f =0or
(G1\ Gz)’&f ={e}, (G2\ G1)|€7f ={f}or
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A better example

» Assume n = 2k and the vertices are ug, ..., ug, v1, ..., Uk
» Let ¢ € S, such that ¥(u;) = vy, ¥ (v;) = ;.
» Edges are paired by (u;uj, v;v;) and (u;vj, viu;).
» G := all graphs G containing one edge in each pair.
> Fix a single pair (e, f): () =/, b(f) =
>(G1\G2’f GQ\Gl)’fo)or
(G1\ Gz)’&f ={e}, (G2\ G1)|€7f ={f}or
(G \ G2)’eyf ={f}, (G2\ G1)|87f = {e}.
> o((Gi\ Ga),;) = (G2 \ G,
> (G1\ G2) = G2\ Gy.
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A better example

» Assume n = 2k and the vertices are ug, ..., ug, v1, ..., Uk
» Let ¢ € S, such that ¥(u;) = vy, ¥ (v;) = ;.
» Edges are paired by (u;uj, v;v;) and (u;vj, viu;).
» G := all graphs G containing one edge in each pair.
> Fix a single pair (e, f): () =/, b(f) =
>(G1\G2’f GQ\Gl)’fo)or
(G1\ Gz)’&f ={e}, (G2\ G1)|€7f ={f}or
(G \ G2)’eyf ={f}, (G2\ G1)|87f = {e}.
> o((Gi\ Ga),;) = (G2 \ G,
V(G \ Ga) = Go \ Gy.
G| = o#(pairs of edges) _ 22(5) _ 2%((;)-;)
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A better example

» Assume n = 2k and the vertices are ug, ..., ug, v1, ..., Uk
» Let ¢ € S, such that ¥(u;) = vy, ¥ (v;) = ;.
» Edges are paired by (u;uj, v;v;) and (u;vj, viu;).
» G := all graphs G containing one edge in each pair.
> Fix a single pair (e, f): () =/, b(f) =
>(G1\G2’f GQ\Gl)’fo)or
(G1\ Gz)’&f ={e}, (G2\ G1)|€7f ={f}or
(G \ G2)’eyf ={f}, (G2\ G1)|87f = {e}.
> o((Gi\ Ga),;) = (G2 \ G,
V(G \ Ga) = Go \ Gy.
|G| = 2#(pairs of edges) 92(5) — 93((5)-%) = O
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A better example

» Assume n = 2k and the vertices are ug, ..., ug, v1, ..., Uk
» Let ¢ € S, such that ¥(u;) = vy, ¥ (v;) = ;.
» Edges are paired by (u;uj, v;v;) and (u;vj, viu;).
> = all graphs G containing one edge in each pair.
> Fix a single pair (e, f): () =/, b(f) =
>(G1\G2’f GQ\Gl)’fo)or
(G1\ Gz)’&f ={e}, (G2\ G1)|€7f ={f}or
(G \ G2)’eyf ={f}, (G2\ G1)|87f = {e}.
> o((Gi\ Ga),;) = (G2 \ G,
V(G \ Ga) = Go \ Gy.
|G| = 2#(pairs of edges) 922(5) — 23((3)-%) > ,OM).

vV Yy

> 2 comes from edges ujvi, ugva, . . . , U .

Zhihan Jin (ETH Ziirich) Difference-Isomorphic Graph Families November 16, 2023 T/17



Our results

Theorem (Gishboliner-J.-Sudakov 23+)

For sufficiently large n, the largest difference-isomorphic family on
[n] has size 25(()=13))
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Our results

Theorem (Gishboliner-J.-Sudakov 23+)

For sufficiently large n, the largest difference-isomorphic family on
[n] has size 23((3)=150).

» This is not true when n = 2, 3,4, 5.

» The construction works for all involutions, i.e. ¥? is identity.

Theorem (Gishboliner-J.-Sudakov 23+)

For sufficiently large n, suppose G is difference-isomorphic on [n].
» Fither G a subfamily of the extremal example;
> or |G| < (1— nlooooo\/ﬁ)Q%((g)_L%J).

» All the above can be extended to families of r-graphs (n > r).
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An approximate upper bound

If G is difference-isormophic, then |G| < 9(14+0(1))(5)/2
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If G is difference-isormophic, then |G| < 9(1+o())(3)/2,

PpESh

» All graphs in G have the same number of edges, say m.

» Fix any G € G.
» Every G’ € G has two parts: G'N G and G'\ G (2 G\ G).
» Enumerate G' N G (and also G\ G') ------ 2m,
» Enumerate the isomorphism G'\ G < G\ G' ------ nl.

> |G| < 2™nl. What if m > (3)/2?
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> |G| < 2™Mnl.
» Note that G’ := {G° : G € G} is also difference-isomorphic.
> GI\ G =G\ Gi = G\ Ge = G5\ G,
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> We may assume m < (7).
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An approximate upper bound

If G is difference-isormophic, then |G| < 9(1+o(1))(3)/2,

> |G| < 2™Mnpl.

» Note that G’ := {G° : G € G} is also difference-isomorphic.
> Gi\Gs =G\ Gi =G\ Go = G\ Gf.

> We may assume m < 3(5).

> |G| < 20)/2p1 = 20+eM)(3)/2,
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Notation: G1 = G2 <= ¢(G1 \ Ga2) = G2\ Gi.



Why are involutions special?

lles

Notation: G Gy <— (p(Gl \ GQ) = Gy \ Gy.
> Every ¢ € 8, induces a ¢ € S(ig) by @({u 0}) = {p(u). ()},
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Why are involutions special?

lles

Notation: G Gy <— (p(Gl \ GQ) = Gy \ Gy.
» Every ¢ € S, induces a ¢ € S([n]) by o({u, v}) = {¢(u), ¢(v)}.
2
» ¢ decomposes into cycles of edges of K.
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Why are involutions special?

Notation: G1 Go <= p(G1\ G2) = G2\ G1.
» Every ¢ € S, induces a ¢ € S([Z]) by ¢({u, v}) = {p(u),o(v)}.
> O decomposes into cycles of edges of K,,.
> G1 Gy & o(Gy\ G2) ‘C (G2\ Gy) |C for every cycle C.

» In particular, G, G2 have the same number of edges on C.
» More restrictions if |C| > 2.
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Why are involutions special?

Notation: G1 Go <= p(G1\ G2) = G2\ G1.
» Every ¢ € S, induces a ¢ € S([Z]) by ¢({u, v}) = {p(u),o(v)}.
> O decomposes into cycles of edges of K,,.
> G1 Gy & o(Gy\ G2) ‘C (G2\ Gy) |C for every cycle C.

» In particular, G, G2 have the same number of edges on C.
» More restrictions if |C| > 2.
» It is “better” if ¢ has more 1-cycles and 2-cycles.
> The extremal case: ¢ has only 1/2-cycles, i.e. ©? is identity.
©

~

» = is an equivalence relation when ¢? is identity.

]
» Many G; = Gs in G = d many graphs in G forming a ¢-clique.

Zhihan Jin (ETH Ziirich) Difference-Isomorphic Graph Families November 16, 2023 11 /17



> N(G)={G e a L ¢}



A sketch of the upper bound proof

> N(G)={C g G ¢}

Il

P P
> u(N(G) = #{C1,Gr€G: G2 GlLG2 G, Gy

02}.
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A sketch of the upper bound proof

> N.(G)={Geg: 6=}
> e u(0) =#{aneg 0L 0Lt e}

» Let M = 2%(( )- 15]) be the extremal number.
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> u(N(G) = #{C1,Gr€G: G2 GlLG2 G, Gy

G2}.

» Let M = 2%(<72L)_L%J) be the extremal number.

Lemma (technical)

> e, (No(G)) < M2 - n=19% unless p, v are “close”.
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> N(G)={C g G ¢}
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P P
> u(N(G) = #{C1,Gr€G: G2 GlLG2 G, Gy

G2}.

» Let M = 2%(<72L)_L%J) be the extremal number.

Lemma (technical)

> e, (No(G)) < M2 - n=19% unless p, v are “close”.
> ey(N,(G)) < M2 . 277/100 yniess (o, 1) is “exceptional”.
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A sketch of the upper bound proof
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> u(N(G) = #{C1,Gr€G: G2 GlLG2 G, Gy

G2}.

» Let M = 2%(<72L)_L%J) be the extremal number.

Lemma (technical)

> e, (No(G)) < M2 - n=19% unless p, v are “close”.
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» Why do we need the first case? = |S,| = n! > 2"
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A sketch of the upper bound proof
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A sketch of the upper bound proof

> N(G)={C g G ¢}

Il

G2}.

P P
> u(N(G) = #{C1,Gr€G: G2 GlLG2 G, Gy

» Let M = 2%(<72L)_L%J) be the extremal number.

Lemma (technical)

> e, (No(G)) < M2 - n=19% unless p, v are “close”.
> ey(N,(G)) < M2 . 277/100 yniess (o, 1) is “exceptional”.

» Why do we need the first case? = |S,| = n! > 2"
» Exceptional: 4? is identity, ¢ ~ 1, ...
> ey (Ny(G)) > M? . 277/100

= J)-clique of size at least ey (N,(G))/|No(G)l.
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A sketch of the upper bound proof

Lemma (without proof)
(1) ep(Ny(@)) < M? - n=10% unless @, are “close”.
(2) ep(N,(G)) < M2 277100 ypiess (o, 1) is “exceptional”

(o) Either [N,(G)| < M - 27200 for all G € G, € Sy;

or G contains a “large” -clique for some involution 1.
q

> |N¢(G)|2 < Zw ey (N (G)).
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A sketch of the upper bound proof

Lemma (without proof)
(1) ep(Ny(@)) < M? - n=10% unless @, are “close”.
(2) ep(N,(G)) < M2 277100 ypiess (o, 1) is “exceptional”

(o) Either [N,(G)| < M - 27200 for all G € G, € Sy;

or G contains a “large” -clique for some involution 1.
q

> |N¢(G)|2 < Zw ey (N (G)).

» Use (1) when ¢ is not “close” to ¢ and (2) otherwise.

» Get (a) unless (2) is violated for some exceptional (¢, ).
» In particular, ¥ is an involution.
» There exists a large ¥-clique in N,(G) = (8).

» Assume («) happens ((3) is more complicated).
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A sketch of the upper bound proof

Condition: |N,(G)| < M -27"/200 for all G € G, € S,.
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N¢(G0) g\Nw(GO)

Go

» Fix any Go € G and take ¢ € S, that maximizes |N,(Go)|.
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A sketch of the upper bound proof

Condition: |N,(G)| < M -27"/200 for all G € G, € S,.
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» Fix any Go € G and take ¢ € S, that maximizes |N,(Go)|.
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Zhihan Jin (ETH Ziirich) Difference-Isomorphic Graph Families November 16, 2023 14 /17



A sketch of the upper bound proof

Condition: |N,(G)| < M -27"/200 for all G € G, € S,.

+(Go) G\ Ny(

» Fix any Go € G and take ¢ € S, that maximizes |N,(Go)|.
> |G|/n! < |N,(Go)| < M - 27 /100,

> [Ny (Go)llG \ No(Go)l

Go)
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Condition: |N,(G)| < M -27"/200 for all G € G, € S,.

+(Go) G\ Ny(

» Fix any Go € G and take ¢ € S, that maximizes |N,(Go)|.
> |G|/n! < |N,(Go)| < M - 27 /100,

> ‘Nsa(GO)Hg\Nw(GO” < quesn#{(Gla GQ) 1 Gy

Go)
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= G}
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A sketch of the upper bound proof

Condition: |N,(G)| < M -27"/200 for all G € G, € S,.

ol

» Fix any Go € G and take ¢ € S, that maximizes |N,(Go)|.
> |G|/n! < |N,(Go)| < M - 27 /100,

> [N (GG No(Go)| < X yes, #{(Grr Ga) : G1 = G}

0)

1)
> For ¢ “close” to ¢, #{G1 = Go} < |Ny(Go)| - M -277/2%0,
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A sketch of the upper bound proof

Condition: |N,(G)| < M -27"/200 for all G € G, € S,.

e

0)

» Fix any Go € G and take ¢ € S, that maximizes |N,(Go)|.

> |G|/n! < |Ny(Go)| < M - 9-n/100_
P
> ‘Nsa(Go)Hg \ Nw(GO)| < quesn #{(Gl, Go) : Gy = GQ},

1)
» For ¢ “close” to ¢, #{G1 = Go} < |Ny(Go)| - M - 277/290,

» For other v, #{G1 Ga} < |G\ Ny(Go)| - M - n=10m,
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14 /17



A sketch of the upper bound proof
Condition: M =23(3)-5 JGl/n! < [N (Go)| < M -27n/100,

»(Go) G\ N,(Go)

)
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A sketch of the upper bound proof
Condition: M = 23((5)=8) |G|/n! < |N,(Go)| < M - 27/100,

»(Go) G\ N,(Go)

)

[Ne(Go)[|G \ Noo(Go)
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A sketch of the upper bound proof
Condition: M = 23((5)=8) |G|/n! < |N,(Go)| < M - 27/100,

»(Go) G\ N,(Go)

)

[N (Go)l|G \ Nop(Go)|
S 20n |NLp<G0)’M2 n/200+
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A sketch of the upper bound proof
Condition: M = 23((5)=8) |G|/n! < |N,(Go)| < M - 27/100,

»(Go) G\ N,(Go)

)

[N (Go)l|G \ Ny (Go)
< 2900 N (Go)| - M - 27720 4l - |G\ Ny(Go)| - M - n 10"
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A sketch of the upper bound proof
Condition: M = 23((5)=8) |G|/n! < |N,(Go)| < M - 27/100,

»(Go) G\ N,(Go)

)

[No(Go)llG \ Nop(Go)|
< 9o(n) -|N¢(G0 |- M-2" ”/200+n!-\Q\N@(G0)1~M-n—10”
_— ’g\NQO(GO” S 20(n) M - 2—n/200
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A sketch of the upper bound proof
Condition: M = 23((5)=8) |G|/n! < |N,(Go)| < M - 27/100,

+(Go) G\ N, (Go)

<)

[N (Go)[|G \ Ny (Go)l
< 2% [N (Go)| - M - 2772 -l - |G\ Ny(Go)l - M - n™'0"
— |G\ N,(Go)| <2°™) . M- 277290 op |N,(Gp)| < nl- M-n~10m,
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A sketch of the upper bound proof
Condition: M = 23((5)=8) |G|/n! < |N,(Go)| < M - 27/100,

»(Go) G\ N,(Go)

)

|No(Go)||G \ Ny(Go)|
< 20(n) |Ny(Go)| - M -2~ n/200 L ot G\ N (Go)| - M. pl0n
=[G\ N,(Go)| < 2°0 . M- 27729 o1 [N,(Go)| < nl- M- n~10m,
= |G|< M- 9—n/200 4 go(n) . pr . 9—n/200
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A sketch of the upper bound proof
Condition: M = 23((5)=8) |G|/n! < |N,(Go)| < M - 27/100,

»(Go) G\ N,(Go)

)

|No(Go)||G \ Ny(Go)|
< 270 [N(Go) - M 272 4k |G\ NG| - M-
= |G\ Ny (Go)| < 20(n) . pp . 27 /200 o |N,(Go)| < n!- M- n10m,
= |g|< M- 9=n/200 4 go(n) . pr.9=n/200 < pr. 9=n/400
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A sketch of the upper bound proof
Condition: M = 23((5)=8) |G|/n! < |N,(Go)| < M - 27/100,

»(Go) G\ N,(Go)

4@

< 240 "Nw<GO>"M-2 g k- G\ No(Go)| - M 7"
— |G\ N, (Go)| < 290 . M - 277200 o1 |N(Go)| < ml- M - = 10m,
— |G| < M .-27"/200 4 go(n) . pr.9=n/200 £ pp . 9=n/400

or |G| < nl|Ny(Go)l
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A sketch of the upper bound proof
Condition: M = 23((5)=8) |G|/n! < |N,(Go)| < M - 27/100,

»(Go) G\ N,(Go)

4@

< 20 n) |N¢(Go)! M- 2720 Lt G\ N (Go)| - M- T10m
— |G\ Na(Go)| <29 . M- 277/200 o1 |N(Go)| < nl - M - n~10m,
— |G| < M .-27"/200 4 go(n) . pr.9=n/200 £ pp . 9=n/400

or |G| < n!|N,(Go)| < (n)?- M - n~ 10"
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A sketch of the upper bound proof
Condition: M = 23((5)=8) |G|/n! < |N,(Go)| < M - 27/100,

»(Go) G\ N,(Go)

4@

< 20 " |N4p<G0)’ M 27200 Ll G\ N (Go)| - M- T 1Om
— |G\ Na(Go)| <29 . M- 277/200 o1 |N(Go)| < nl - M - n~10m,
— |G| < M .-27"/200 4 go(n) . pr.9=n/200 £ pp . 9=n/400

or |G| < nl|N,(Go)| < (nD)2- M- n 10" « 1 . 9—n/400.
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A sketch of the upper bound proof
Condition: M = 23((5)=8) |G|/n! < |N,(Go)| < M - 27/100,

»(Go) G\ N,(Go)

4@

< 20 " |N4p<G0)’ M 27200 Ll G\ N (Go)| - M- T 1Om
— |G\ Na(Go)| <29 . M- 277/200 o1 |N(Go)| < nl - M - n~10m,
— |G| < M .-27"/200 4 go(n) . pr.9=n/200 £ pp . 9=n/400

or |G| < nl|N,(Go)| < (nD)2- M- n 10" « 1 . 9—n/400.

— ’g| <M- 2—n/400!
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A sketch of the upper bound proof
Condition: M = 23((5)=8) |G|/n! < |N,(Go)| < M - 27/100,

»(Go) G\ N,(Go)

4@

< 20 " |N@(G0)] M 27200 Ll G\ N (Go)| - M- T 1Om
— |G\ Na(Go)| <29 . M- 277/200 o1 |N(Go)| < nl - M - n~10m,
— |G| < M .-27"/200 4 go(n) . pr.9=n/200 £ pp . 9=n/400

or |G| < nl|N,(Go)| < (nD)2- M- n 10" « 1 . 9—n/400.

— |G| < M - 27™/400) Nice!
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Further directions

Any suggestions?
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The End

Questions? Comments?



