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Definition

An r-matching is a collection of disjoint sets, each of size r.
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An ordered r-matching of size n is an r-matching with n edges
where there is an ordering on the rn vertices.
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Matchings and ordered matchings

An r-matching is a collection of disjoint sets, each of size r.

® r-matchings are basic and important hypergraphs.

Definition

An ordered r-matching of size n is an r-matching with n edges

where there is an ordering on the rn vertices.
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Matchings and ordered matchings

An r-matching is a collection of disjoint sets, each of size r.

® r-matchings are basic and important hypergraphs.

Definition

An ordered r-matching of size n is an r-matching with n edges

where there is an ordering on the rn vertices.

AAABBB ABCABCABC AABABB

® For an r-matching of size n, we can write it as a string on an
alphabet of size n
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Matchings and ordered matchings

An r-matching is a collection of disjoint sets, each of size r.

® r-matchings are basic and important hypergraphs.

Definition

An ordered r-matching of size n is an r-matching with n edges

where there is an ordering on the rn vertices.

AAABBB ABCABCABC AABABB

® For an r-matching of size n, we can write it as a string on an

alphabet of size n: AAABBB , ABCABCABC, AABABB.
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Ordered r-matchings

® Ordered r-matchings are interesting on their own.
1 (2r

® There are 3 T) non-isomorphic ordered r-matchings of size 2.
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® Ordered r-matchings are interesting on their own.
® There are 1 (%) non-isomorphic ordered r-matchings of size 2.
® Each one is called an r-pattern (e.g. P = AAABBB).

® We are interested in ordered r-matchings where every two
edges form the same r-pattern P.

® Such r matchings are called the P-cliques.
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Ordered r-matchings

® Ordered r-matchings are interesting on their own.
® There are 1 (%) non-isomorphic ordered r-matchings of size 2.
® Each one is called an r-pattern (e.g. P = AAABBB).
® We are interested in ordered r-matchings where every two
edges form the same r-pattern P.

® Such r matchings are called the P-cliques.
® Say AAABBBCCCDDD is a AAABBB-clique of size 4.
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r-partite ordered r-matchings

® An ordered r-matching M is r-partite it V(M) ={1,...,rn}
and every edge intersects {1,...,n},....{(r—1)n+1,...,rn}
each by one element.
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r-partite ordered r-matchings

® An ordered r-matching M is r-partite it V(M) ={1,...,rn}
and every edge intersects {1,...,n},....{(r—1)n+1,...,rn}
each by one element.

e E.g. [ABC|CBA|CAB|BAC].
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r-partite ordered r-matchings

® An ordered r-matching M is r-partite if V(M) ={1,...,rn}
and every edge intersects {1,...,n},....{(r—=1)n+1,...,rn}
each by one element.

’ o1(i) o)

e Eg. |[ABC|CBA|CAB|BAC].

Zhihan Jin (ETH Ziirich) Ordered hypergraph matchings August 29, 2025 4/13



r-partite ordered r-matchings

® An ordered r-matching M is r-partite if V(M) ={1,...,rn}
and every edge intersects {1,...,n},....{(r—=1)n+1,...,rn}
each by one element.

U o1(7) or—1(i)
e E.g. [ABC|CBA|CAB[BAC.

° r-partite ordered r-matchings
< tuples of r — 1 permutations on [n].
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r-partite ordered r-matchings

® An ordered r-matching M is r-partite if V(M) ={1,...,rn}
and every edge intersects {1,...,n},....{(r—=1)n+1,...,rn}
each by one element.

o) ora(i)

e E.g. |]ABC|CBA|CAB|BAC].
° r-partite ordered r-matchings
< tuples of r — 1 permutations on [n].

e Note: #(r-partite r-patterns) = 2" 71,
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r-partite ordered r-matchings

or—1

(1) Given any r — 1 permutations on [n], there exists n'/
indices that induce a monotone sequence in each permutation;
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r-partite ordered r-matchings

(1) Given any r — 1 permutations on [n)], there exists n*/2" '
indices that induce a monotone sequence in each permutation;

(2) Specify “increasing” or “decreasing” for each i € [r —1]. In a
tuple of uniformly random r — 1 permutations of [n], whp, there
exists (1 + o(1))c,n'/" indices that induce a monotone sequence in

each permutation in the specified way.
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r-partite ordered r-matchings

(1) An r-partite ordered r-matching of size n contains a P-clique

V2% (for some r-partite r-pattern P);

of sizen
(2) Specify “increasing” or “decreasing” for each i € [r —1]. In a
tuple of uniformly random r — 1 permutations of [n], whp, there

exists (14 o(1))e,n'/" indices that induce a monotone sequence in

each permutation in the specified way.

® (1) is tight (Erd6s—Szekeres for multiple sequences);
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r-partite ordered r-matchings

Theorem

(1) An r-partite ordered r-matching of size n contains a P-clique
of size nl/27 (for some r-partite r-pattern P);

(2) Fix any r-partite r-pattern P. Whp, a uniformly random
r-partite ordered r-matching of size n contains a P-clique of size

(1+0(1))e,nt/".

® (1) is tight (Erd6s—Szekeres for multiple sequences);

® Determining ¢, is an open question of Bollobds and Winkler.
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® What about ordered r-matchings in general?



Two main questions

® What about ordered r-matchings in general?

Question

(1) Given any ordered r-matching of size n, among all r-patterns
P, how big is the largest P-clique inside?
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Question
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Two main questions

® What about ordered r-matchings in general?

Question

(1) Given any ordered r-matching of size n, among all r-patterns
P, how big is the largest P-clique inside?

(2) In a uniformly random ordered r-matching of size n, for a
fixed r-pattern P, how big is the largest P-clique inside?

® Initiated by Dudek, Grytczuk and Rucinski.
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® Not all r-patterns are interesting!



Another interesting fact

® Not all r-patterns are interesting!

® An r-pattern can form a clique of size > 3 iff it is “simple”:
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Another interesting fact

® Not all r-patterns are interesting!

® An r-pattern can form a clique of size > 3 iff it is “simple”:
it can be partitioned into blocks such that every block looks
like mAmB or mBmA.
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Another interesting fact

® Not all r-patterns are interesting!

® An r-pattern can form a clique of size > 3 iff it is “simple”:
it can be partitioned into blocks such that every block looks
like mAmB or mBmA.

e E.g. ]AABB|BA|AB].
o AABABB is not simple.

® Simple r-patterns are called collectable.
e An |[AABB|BA|AB]|-clique: |[AABBCCDD|DCBAJABCD.
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Another interesting fact

® Not all r-patterns are interesting!

® An r-pattern can form a clique of size > 3 iff it is “simple”:
it can be partitioned into blocks such that every block looks
like mAmB or mBmA.

e E.g. ]AABB|BA|AB].

o AABABB is not simple.

® Simple r-patterns are called collectable.

e An |[AABB|BA|AB]|-clique: |[AABBCCDD|DCBAJABCD.
[{collectable r-patterns}| = 37!
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Another interesting fact

® Not all r-patterns are interesting!

® An r-pattern can form a clique of size > 3 iff it is “simple”:
it can be partitioned into blocks such that every block looks
like mAmB or mBmA.

e E.g. |AABB|BA|AB|.

o AABABB is not simple.

® Simple r-patterns are called collectable.

e An [AABB|BA|AB|-clique: [AABBCCDD|DCBA|ABCD).
|{collectable r-patterns}| = 3"~ < |{r-patterns}| = 3 (*").
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The Ramsey question

® Let L,(n) := the largest m such that every ordered
r-matching of size n contains a P-clique of size m for some P.
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The Ramsey question
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Theorem (Dudek, Grytczuk and Rucinski 2025)

Ly(n) = {nl/?’-‘
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The Ramsey question

® Let L,(n) := the largest m such that every ordered
r-matching of size n contains a P-clique of size m for some P.

Theorem (Dudek, Grytczuk and Rucinski 2025)

Lo(n) = {nl/?’-‘ and Q,«(nl/yil) < L.(n) < {nl/(yfl”)-‘ forr > 3.

e Spirit: each of the 37! collectable r-patterns contributes one
in the exponent “independently”.
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The Ramsey question

® Let L,(n) := the largest m such that every ordered
r-matching of size n contains a P-clique of size m for some P.

Theorem (Dudek, Grytczuk and Rucinski 2025)

Lo(n) = {nl/?’-‘ and Qr(nl/yil) < L.(n) < {nl/@rfl”)-‘ forr > 3.

e Spirit: each of the 37! collectable r-patterns contributes one
in the exponent “independently”.

Theorem (Anastos—J.—Kwan—-Sudakov 2025)

L3(n) = @(n1/7), Ly(n) = @(n1/15)
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The Ramsey question

® Let L,(n) := the largest m such that every ordered
r-matching of size n contains a P-clique of size m for some P.

Theorem (Dudek, Grytczuk and Rucinski 2025)

Lo(n) = {nl/?’-‘ and Qr(nl/yil) < L.(n) < {nl/@rfl”)-‘ forr > 3.

V.

e Spirit: each of the 37! collectable r-patterns contributes one
in the exponent “independently”.

Theorem (Anastos—J.—Kwan—-Sudakov 2025)

Lz(n) = O(nY/7), Ly(n) = O(n'/1) and
Q. (n!/(+D770) < L (n) < [nV/@ )] forr > 5.
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The Ramsey question

® Let L,(n) := the largest m such that every ordered
r-matching of size n contains a P-clique of size m for some P.

Theorem (Dudek, Grytczuk and Rucinski 2025)

Lo(n) = {nl/?’-‘ and Qr(nl/yil) < L.(n) < {nl/@rfl”)-‘ forr > 3.

V.

e Spirit: each of the 37! collectable r-patterns contributes one
in the exponent “independently”.

Theorem (Anastos—J.—Kwan—-Sudakov 2025)

Lz(n) = O(nY/7), Ly(n) = O(n'/1) and
Q. (n!/(+D770) < L (n) < [nV/@ )] forr > 5.

e Takeaway: r-patterns are not “independent”; many of them
contribute parallelly.
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The Ramsey question

® Let L,(n) := the largest m such that every ordered r-matching
of size n contains a P-clique of size m for some collectable P.
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The Ramsey question

® Let L,(n) := the largest m such that every ordered r-matching
of size n contains a P-clique of size m for some collectable P.

Theorem (Sauermann—Zakharov 2025)

Ly(n) = ©,(n'/@ 1),
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The Ramsey question

® Let L,(n) := the largest m such that every ordered r-matching

of size n contains a P-clique of size m for some collectable P.

Theorem (Sauermann-Zakharov 2025)

Ly(n) = ©,(n'/@ 1),

Question

Determine L,(n) precisely and understand how the r-patterns
interact with eath other.
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The Ramsey question

® Let L,(n) := the largest m such that every ordered r-matching

of size n contains a P-clique of size m for some collectable P.

Theorem (Sauermann-Zakharov 2025)

Ly(n) = ©,(n'/@ 1),

Question

Determine L,(n) precisely and understand how the r-patterns
interact with eath other.

e Is it true that L,(n) = [nl/(?—l)]?
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The probabilistic question

Theorem (Dudek, Grytczuk and Rucinski 2025)

Fiz a collectable r-pattern P. The largest P-clique in a uniformly
random ordered r-matching of size n is whp ©,(n'/7).
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The probabilistic question

Theorem (Dudek, Grytczuk and Rucinski 2025)

Fiz a collectable r-pattern P. The largest P-clique in a uniformly
random ordered r-matching of size n is whp ©,(n'/7).

Conjecture (Dudek, Grytczuk and Ruciriski 2025)

0, (n'/") should be (1+ o(1))e,n*/", independent of P.
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The probabilistic question

Theorem (Dudek, Grytczuk and Rucinski 2025)

Fiz a collectable r-pattern P. The largest P-clique in a uniformly

random ordered r-matching of size n is whp ©,(n'/7).

Conjecture (Dudek, Grytczuk and Ruciniski 2025)
O, (n''") should be (1 + o(1))e,n'/", independent of P.

Theorem (Anastos—J.—Kwan—Sudakov 2025)

0, (n'/") can be replaced by (1+ o(1))epn!/", depending only on
the sizes of the blocks.
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Theorem (Dudek, Grytczuk and Rucinski 2025)
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random ordered r-matching of size n is whp ©,(n'/7).
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O, (n''") should be (1 + o(1))e,n'/", independent of P.

Theorem (Anastos—J.—Kwan—Sudakov 2025)

0, (n'/") can be replaced by (1+ o(1))epn!/", depending only on
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The probabilistic question

Theorem (Dudek, Grytczuk and Rucinski 2025)

Fiz a collectable r-pattern P. The largest P-clique in a uniformly

random ordered r-matching of size n is whp ©,(n'/7).

Conjecture (Dudek, Grytczuk and Ruciniski 2025)
O, (n''") should be (1 + o(1))e,n'/", independent of P.

Theorem (Anastos—J.—Kwan—Sudakov 2025)

0, (n'/") can be replaced by (1+ o(1))epn!/", depending only on
the sizes of the blocks. In addition, c|AB|aB|...|AB| > C|AA...A|BB..B|-

® The former part is via a subadditivity argument with
concentration inequalities.
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More on the probabilistic questions

Question

Determine cp for each collectable r-pattern P.
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More on the probabilistic questions

Question

Determine cp for each collectable r-pattern P.

Question

Fix a collection P of r-patterns. How big is the largest P-clique in
a uniformly random ordered r-matching of size n (up to a
multiplicative factor)?
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More on the probabilistic questions

Question

Determine cp for each collectable r-pattern P.

Question

Fix a collection P of r-patterns. How big is the largest P-clique in
a uniformly random ordered r-matching of size n (up to a
multiplicative factor)?

® See Dudek—Grytczuk—Przybylo-Rucinski for progress and
cute conjectures.
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Another open problem

Question

Fix an r-partite r-pattern P. How many edges can an ordered
r-uniform hypergraph have with no P-clique of size m + 17
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Another open problem

Question

Fix an r-partite r-pattern P. How many edges can an ordered
r-uniform hypergraph have with no P-clique of size m + 17

Theorem (Anastos—J.-Kwan-Sudakov 2025)

It is at least () — (" '™) = rm(.",) and at most O(rzm( " ))

r r—1 r—1
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Theorem (Anastos—J.-Kwan-Sudakov 2025)

It is at least () — (" '™) = rm(.",) and at most O(rzm( " ))

r r—1 r—1

Conjecture (Anastos—J.—Kwan-Sudakov 2025)

For every r-partite r-pattern P, the answer is (7)) — ("7 ™).
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Another open problem

Question

Fix an r-partite r-pattern P. How many edges can an ordered
r-uniform hypergraph have with no P-clique of size m + 17

Theorem (Anastos—J.-Kwan-Sudakov 2025)

It is at least () — (" '™) = rm(.",) and at most O(rzm( " ))

r r—1 r—1

Conjecture (Anastos—J.—Kwan-Sudakov 2025)

For every r-partite r-pattern P, the answer is (7)) — ("7 ™).

® We verified the conjecture for the cases when

®* m=1or
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Another open problem

Question

Fix an r-partite r-pattern P. How many edges can an ordered
r-uniform hypergraph have with no P-clique of size m + 17

Theorem (Anastos—J.-Kwan-Sudakov 2025)

It is at least () — (" '™) = rm(.",) and at most O(rzm( " ))

r r—1 r—1

Conjecture (Anastos—J.—Kwan-Sudakov 2025)

For every r-partite r-pattern P, the answer is (7)) — ("7 ™).

® We verified the conjecture for the cases when
®* m=1or
® r=2or
e P = |AB|BA|AB|BA]... is the alternating r-pattern.
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